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1. Notation 



Throughout this paper rt is a positive integer, Ei, . . . , £"„, E and F will stand for Banach spaces 
over K = R or C, and E' is the dual of E. By C{Ei, . . . ,En;F) we denote the Banach space of all 
continuous rt-linear mappings from Ei x ■ ■ ■ x En to F with the usual sup norm. If i?i = • • • = £"„ = E, 
we write C{"E-F) and if = K we simply write C{Ei, ...,£:„) and C{"-E). Let p > 1. By £p{E) 
we mean the Banach space of all absolutely p-summable sequences {xj)°°^i, Xj € E for all j, with 

ajLi \\xjV) ■ ^piE) denotes the Banach space of all sequences {xj)'jLi, 
Xj G E for all j, such that {'p{xj))J^i G £p for every tf E' with the norm 

sup{||(^(a;,))=^illp:^ei?M|<^||<l}. 



[^j)j=l \\w,p 



Definition 1. Let I < pj < q, j — I, . . . ,n. An n-linear mapping A G C{Ei^ . 
{q;pi, . . . ,pn)- summing if there is a constant C > such that 



. , En ; F) is multiple 



1/9 



(1) 



for every mi, 
assume mi — 
""(/ipi ,...,p„ (^)- 



(k) 

,mn e N and any x)J G Eu, jk 



1, 



, mfe, fc = 1, 



.ii(4"^)r=iiu.p. 



,n. It is clear that we may 



The infimum of the constants C working in the inequality is denoted by 



The subspace ^q-p^^,,,^p^{Ei, . . . ,En\F) of C{Ei, . . . ,En;F) of all multiple {q;pi, . . . ,p„)-summing 
becomes a Banach space with the norm TTq-p-^^...^p^{-). If pi — ■ ■ ■ — pn — p we say that A is multi- 
ple ((7;p)-summing and write A G Ulp{Ei ', . .' . ,'e„- F). The symbols Illp^ pJ^E; F),Ulp{''E; F), 
K,Pu-.P,. (^1' • • ■ ' ^"), njp(£;i, . . . , En), njp^^..._p^ {^'E) and njp("i;) are defined in the obvious way. 

Making n = 1 we recover the classical ideal of absolutely ((7;p)-summing linear operators, for which 
the reader is referred to Diestel, Jarchow and Tonge [1]. For the space of absolutely (g;p)-summing 
linear operators from i? to we shall write Ilq.^p{E; F) rather than Il^.p{E; F). 



2. Results involving cotype 2 
The next lemma will be used several times. 
Lemma 1. Let {af-'')^, (af <Elp,l<p<oo. Then {af^'^ -^''^ 
Proof. Let us consider k = 2. The other cases are similar. 



(1) (2) 
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Making n — > oo, we conclude that 

oo 

2: k;'«s? Hi:K:''iii:h 



I") ' \ l\- L(2) 

h 

31,32=1 \ ji=i / \i2=i 



< 00. 



□ 

The next resuh is an extension of [1, Corollary 11.16 (a)]; 
Theorem 1. If Ei, En have cotype 2, then 

Uq{Ei, . . . , E„:F) C nn^i, F). 

Proof. Suppose that A G (£^1, . . . , En, F). Let {xj'^^)j € li{Ek), k = I, n. Since Ek has cotype 
2, from [2, Proposition 6], 

So, 

(^f = {afyfh G «2«2™(i^/^)- 
Then, using the lemma and Holder Inequality. 

= (a;^)...a;:)A(yW,...,y£))).^ e (Holder). 

□ 

A consequence of [1, Corollary 11.16 (a)] is that if E has cotype 2, then 

IlpiE;F)^UriE;F) 

for every 1 < p < r < 2. The next theorem shows that for multiple summing mappings we have a 
similar situation, except perhaps for the case r = 2 : 

Theorem 2. If Ei, ...,En have cotype 2, then 

Ii;{E,,...,En;F)=Il^{E,,...,En;F) 

for every 1 < p < r < 2. 

Proof. The inclusion C is due to David-Perez-Garcia [4]. 

Suppose that A eU:^{Ei, . . . ,En; F). Let {xf^)j G li{Ek), k = 1, n. Since Ek has cotype 2, E^ 
has also cotype q with r' > q> 2. 
Prom [2, Proposition 6], 

Vl{Ek) = lr'l^{Ek). 

So, 

{xf\ = {afyf),&k,l^{Ek). 
Then, using the lemma and Holder Inequality, 

= (a«...a;.:)yl(y«,...,yj.:)))^^ ^jh (Holder). 

Hence A G n5'(£;i, ...,En;F) and, from [4], we have A G IV^{Ei, ...,En; F)n 
Corollary 1. If Ex, ...,En have cotype 2, then 

f U^{Eu ...,En;F)c U^{Eu ...,En;F) for every l<p<2. 
\ U;{Ei,...,En;F)=U^{Ei,..., En, F) for every l<p<r<2. 

Remark 1. Note that the previous result extends [3, Teorema 4.31]. 
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In [4] it is shown that ifl<p<q<2 and F has cotype 2, then 

U;iE,,...,En:F)cU;{E,,...,Er,;F). 
Using this result and Corollary 1, we have: 
Theorem 3. If Ei, ...,En and F have cotype 2, then 

Ii;{E,,...,En;F)=Il^{E,,...,En;F) 

for every 1 < p < r < 2. 

3. Results involving cotype > 2 

In [1, Corollary 11.16 (b)] it is shown that if E has cotype q > 2, then 

Il,{E;F)=Ilr{E;F) 

for every I < s < r < 

The next results generalize this result to multiple summing mappings: 

Theorem 4. If Ei, En have cotype q> 2, then 

U^{E,,...,En;F)cn'l{E,,...,En;F) 

for every 1 < s < 

Proof. Since s < we have s' > q. Suppose that A e n^(£;i, . . .,En;F). Let {xf^)j G IfiEk), 
k = 1, ...,n. Since Ek has cotype q> 2, from [2, Proposition 6], 

So, 

Then, using Lemma 1 and Holder Inequality, we have 

= (a«...a(:)A(j/«,...,4"))) eZi (Holder). 

□ 

Corollary 2. If E\, ...,En have cotype q> 2, then 

Il^{E,,...,En;F)=Ii;{E,,...,En;F) 

for every 1 < s < p < — ^j. 



Remark 2. Note that there are possible variations of the previous results by exploring spaces with 
different cotypes and the Generalized Holder Inequality. 

Remark 3. The authors have just become aware that the results of this note appear, with a completely 
different and independent proof, in a preprint of D. Popa [5] . 
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